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\Q . Abstract 

(N 

In this Note, for the future purposes of relative formal derived deformation theory and of 
derived coisotropic structures, we prove the existence of a model structure on the category of 
dg-Lie algebroids over a cochain differential non-positively graded commutative algebra over a 
"^ | commutative base Q-algebra k. 
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£S) ' Notations. 
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• k will denote the base ring and will be assumed to be of characteristic 0. 
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C(k) will denote the model category of unbounded complexes of fc-modules with surjections as 
fibrations, and quasi-isomorphisms s equivalences. It is a symmetric monoidal model category 



Q , with the ususal tensor product <S>k of complexes over k. 



• cdga fc denotes the category of differential nonpositively graded algebras over k, with differential 
increasing the degree by 1. We will always consider cdga^ endowed with the usual model structure 
for which fibrations are surjections in negative degrees, and equivalences are quasi-isomorphisms 
(see [HAGlll §2.2.1]). 

• A dg-Lie algebra over A; is a Lie algebra object in the symmetric monoidal category (C(k), <g>k), he. 
an object g in C(k) endowed with a morphism of complexes (called the bracket) [— , — ] : g<g>g — > q 
such that 

- [x,y] = (-l)\*\\y\+ 1 [y,x} 

~ [x, [y,z]} + (-1)(MM+Mlvl)[y, [z,x]] + (-l)(MM+WI?%, [y jX ]] = 

- d[x,y] = [dx,y] + (-l)\ x \[x,dy] 

A morphism of dg-Lie algebras over k is a morphism of complexes commuting with the brackets. 
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• We'll write dgl_ieAlg fc for the (left proper, combinatorial) model category of unbounded dg-Lie al- 
gebras over k, where fibrations and equivalences are defined via the forgetful functor dgl_ieAlg fc — >• 
C(fc). dgl_ieAlg fc is a simplicial model category via Hom (n, l)) n '■= Homd g i_ieAig fc (07 ^*(A n ) <8>fc 
h). The associated oo-category (i.e. the Dwyer-Kan localization of dgl_ieAlg fc along quasi- 
isomorphisms) will be denoted by dgLieAlg fc . 

• By oo-category, we mean either a simplicial or a quasi-category ( [Lu-HTT] ). 

1 Relative dg-Lie algebroids 

We denote by (Q : cdga fc — > cdga k ,Q — > Id) a cofibrant replacement functor in the model category 
cdga fc together with the associated natural transformation. For A € cdga fc , we will write Ta for the 
tangent dg-Lie algebra of self-derivations of A. Recall that there is a natural /c-Lie bracket on A © T A 
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Definition 1.1 • Let A € cdga fc be cofibrant. The category dgLieAlgd^ of dg-Lie algebroids over 
A is the category whose 

— objects are the pairs (L, a : L — >■ T4) where L is a A-dg-module and a k-dg-Lie algebra, and 
a (called the anchor map) is a morphism of A-dg-modules and of k-dg-Lie algebras, such 
that for any homogeneous l\,li € L and any homogeneous a G A, the following graded 
Leibniz rule holds 



[e 1 ,a£ 2 ] = (-l) |a||£l| a[^ 2 ] +a(h)(a)l 2 

— as morphisms (L r , a') — > (L, a) morphisms ip : V — > L of A-dg-modules and of k-dg-Lie 
algebras, commuting with anchor maps. A morphism in dgLieAlgd^ is an equivalence if it 
is a quasi-isomorphism 

• For any A € cdga fc , the category ddgLieAlgd^ of derived dg-Lie algebroids over A is the category 
dgl_ieAlgd QA . 

• For any A € cdga fc , the oo-category dgLieAlgd^ of derived dg-Lie algebroids over A is the 
Dwyer-Kan localization o/ddgLieAlgdg^ with respect to equivalences. 

Examples. When A = k we get the category of dg-Lie /c-algebras. 



Theorem 1.2 Let A G cdga fc be cofibrant. Then the category dgLieAlgd^ of dg-Lie algebroids over 
A, endowed with equivalences and fibrations defined on the underlying A-dg-modules, is a cofibrantly 
generated model category. 

Proof. We will transfer the model structure from A — dgMod/T^ to dgLieAlgd^ via the adjunction 

Free 

A - dgMod/Tk ^^ dgl_ieAlgd A 

Forget 



where the Free functor, i.e. the left adjoint, is defined in [KaJ. In order to do this, since A — dgMod/T^ 
is a cofibrantly generated model category and dgLieAlgd^ has small colimits and finite limits, we may 
use the following transfer criterion, originally due to Quillen, (see e.g. [B-Ml 2.5, 2.6]). 

Transfer criterion. Define a map / in dgLieAlgd^ to be a weak equivalence (resp. a fibration) if 
Forget (/) is a weak equivalence (resp. a fibration). This defines a cofibrantly generated model struc- 
ture on dgLieAlgd^, provided 

(i) the functor Forget preserves small objects; 

(ii) dgLieAlgd^ has a fibrant replacement functor, and functorial path-objects for fibrant objects. 

Now, condition (i) follows easily from the fact that the forgetful functor commutes with filtered 
colimits. For the first part of condition (ii) we may take the identity functor as a fibrant replacement 
functor, since all objects in dgLieAlgd^ are fibrant. To prove the second half of condition (ii) - 
i.e. the existence of functorial path-objects - we consider the following construction. Recall first 
that if L\ — > T A and L 2 — > T A are dg-Lie algebroids over A, then their product in dgLieAlgd^ is 
L\ x Ta L 2 — > Ta, with the obvious induced fe-dg-Lie bracket. 

Let now (a : L — >• Ta) € dgLieAlgd, and consider the A-dg-module L[t,dt] := L <g>fc k[t,dt], where 
k[t, dt] := k[t] © k[t]dt is identified with the de Rham commutative dg-algebra of Spec(/c[xo,xi]/(xo + 
x\ — 1)) with k[t] sitting in degree 0, and k[t]dt in degree 1, and the differential is given by 

d(£if(t)+e 2 g(t)dt) -.= d L {h)f{t) + {{rl)^lif\t) + d L {t 2 )g{t))dib. 

We endow L[t,dt] with the following /c-dg-Lie bracket 

[hfi(t),£ 2 f 2 (t)} := [£i,£ 2 ]Lfi(t)f 2 (t), [iih(t),£ 2 92(t)dt] := [£ 1 ,£ 2 ] L fi(t)g2(t)dt. 
Note that for any s £ k, we have an evaluation map 

eVs . L [ ti d t]^L, £xf(t) + £ 2 g{t)dt .— ► f(s)h 

that is a morphism of A-dg-modules and of /c-dg-Lie algebras, and a quasi-isomorphism. 
Consider now the pull-back diagram in A — dgMod 

Path(L^T A ) *-L[t,dt] , 

T A *T A [t,dt] 

where the right vertical map is given by 

L[t,dt] — »• T A [t,dt] , J^tifi(t)+Vi9i(t)dt ^J^ai&fiW + airaM^dt, 

i i 

while the map Ta — > T A [t, dt] is the obvious inclusion £ 1— > £-l+0-dt. In other words, Path( L *- Ta ) 

is the sub-A-dg module of L[t,dt] consisting of elements £^j &/*(£) + f]igi{t)dt such that 

Yl «(&)/*(*) e T A ^ T A [t] , J2 <*(Vi)9i(t)dt = 0inT A ^ T A [t]dt. 



It is straightforward that the composition 

Path(L -> T A ) *- L[t, dt] (cvu ' cvi) - LxL 

factors through the inclusion L x? A L <^-» L x L, and that the resulting diagram 

Path(L -)• T4) > Lx Ta L 



T A 

commutes. Moreover, Path( L >■ Ta ) is closed under the /c-dg-Lie bracket in L[t, dt], and the canon- 
ical map Path( L 5- Ta ) — > Ta is a morphism of /c-dg-Lie algebras. The fact that (Path( L >■ Ta ) - 

Ta) is actually a dg-Lie algebroid over A, i.e. satisfies also the graded Leibniz rule, follows from a 
direct computation. Namely, the lhs of the Leibniz identity is 

E &/»(*) + m9i(t)dt,a(£jrfj(t) + rj j g j {t)dt)] = 

= E(- 1 ) |o|l * l *W*)7;(W 

+oc(m^jfi(.t)7j(t) + a(Ci)(o)^-/i(*)^-(*)dt + (-l)W + £MrH)(«)lj73(t)9i(t)dt\ 

we observe that, since (^ dfi(t) + r]igi(t)dt) € Path( L — ^->- Ta ), the last term a(rji)(a)£j f At)gi(t)dt 
vanishes, and moreover ^ ®(£i)fi(t) + (*(Vi)9i(t)dt = d, for some d € Ta, so that 

E &/»(*) + »»ft(t)rft, aE^-w + w- (*)*)] = 

» i 

+ E 9 (°)^-7i(*) + dWVjVjWdt. 

j 
The rhs of the Leibniz identity reads 

E&/i(*),a(EWj(*) +%»i (*)*)] + [^3i(*)rf*,o(E Wi(*) +^-3j(*)d*))] = 
m i i 

= ^({-l^MUiitUjfjit) +%^-(*)rft)] + (-l)l a l^ i+1 la[^(t)dt,^7,(t) +^-(t)dt)])+ 

+9(a)E?i/i(*) + v j g j (t)dt) = 



j 
and we conclude that (Path( L — — >■ T4 ) — > T4) is indeed a dg-Lie algebroid over A. 

Finally, the diagonal map of dg-Lie algebroids over A 

L — > L Xt a L 

factors as 

L — ^ Path(L -> T A ) — ^ Lx Ta L, 

where u(£) = £ ■ 1 + • dt. Now, p is surjective, since for any (£,??) € L x^ L, we have that 
££ + 77(1 — t) € Path(L — >• T4) and p(£t + 77(1 — £)) = (£, r/); hence p is a fibration. The following 
Lemma concludes the proof of the existence of functorial path-objects in dgLieAlgd^ (hence of the 
existence of a transferred model structure on dgLieAlgd^). 

Lemma 1.3 The map u : L — > Path{L — >■ Ta) is a weak equivalence (i.e. a quasi-isomorphism) . 

Proof of lemma. First of all, we notice that the evaluation-at-0 map 

ev : Path(L -► T A ) — ► L , ^ &/;(£) + Vi9i(t)dt .— > ^ &/j(0) 

i i 

is a left inverse to u. So it will be enough to produce a homotopy between u o evo and Idp at i 1 (L_ i .T A )- 
Let us define a family of fc-linear maps, indexed by p € Z, 

/i p : Path(L ->■ T A ) P — ► Path(L -»■ T^f" 1 , £f(t) + »#(*)* •— ► (-l) p r? I g{x)dx. 

Jo 

We pause a moment to explain why this maps are well defined. We have used that if 6 := £V £ifi(t) + 

i]i9i(t)dt is homogeneous of degree p (so that |£j| = p and |r?j| = p — 1, for all i), then h p (6), which a 

priori belongs to L[t, dt] p , actually belongs to Path(L — > T^^ - . This can be seen as follows. Write 

S« ViQiifydt as S s >o fjst s dt, where each fj s is a /c-linear combination of all the r/j's. Then the condition 

that E Path(L — >• T A ) P reads J2 s >o a (Vs)t s dt = 0, i.e. that a(fj s ) = for all s. Therefore 

h p (9) = Y,Vst s+1 /(s + l)dt 

s>0 

belongs to Path(L — > Ta) p , as claimed. 

Now, it is a straightforward verification that the family of maps {h p } yields a homotopy between 

noev and Idp ath(Z/ ^ TA ), i.e. that 

(h p+1 od+dohP)(tf(t)+ V g(t)dt) = -£(f(t)-f(0))-rig(t)dt = (uoev -U PatHL ^ TA) )(Cf(t)+ V g(t)dt). 

a a 

Remark 1.4 Exactly the same argument proves that we may transfer the tame model structure from 
A — dgMod /Ta to dgLieAlgd^ via the same adjunction. In fact, fibrations remain the same, and Lemma 
11.31 is still true since a homotopy equivalence is a tame equivalence. 
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